Rényi entropy (R), Tsallis entropy (T ), Shannon entropy (S), and Onicescu energy (E) are studied in a spherically confined H atom (CHA), in conjugate space, with special emphasis on non-zero l states. This work is a continuation of our recently published work [1] . Representative calculations are done by employing exact analytical wave functions in r space. Accurate p space-wave functions are generated numerically by performing Fourier transform on respective r-space counterparts.
I. INTRODUCTION
Confinement of an atom or molecule inside an impenetrable cavity was first studied in the fourth decade of twentieth century [2] . Progress of research on such quantum systems was reviewed several times [2] [3] [4] [5] recording their importance in both fundamental physics and chemistry as well as in various engineering branches. They have relevance in many different physical situations, e.g., atoms under plasma environment, impurities in crystal lattice and semiconductor materials, trapping of atoms/molecules in zeolite cages or inside an endohedral cobweb of fullerenes, quantum wells, quantum wires, quantum dots [6] and so forth. Furthermore, such models were designed to mimic the high pressure environment inside the core of planets. Also, they have contemporary significance in interpreting various astrophysical phenomena [7] and many other interesting areas.
Theoretical study of a Hydrogen atom within an infinite spherical cavity was first published in 1937 [8] . Over the years, this simple confined hydrogen atom (CHA) model has served as a precursor to improve our understanding about the consequences of confinement in atomic electronic structure. In last decade, a CHA under the influence of various restricted environment has been extensively followed. Majority of these investigations include trapping of H atom either in a spherical box of penetrable, impenetrable walls or inside a hard box of different geometrical shape and size [5, [9] [10] [11] [12] . In the realm of atomic physics, CHA provides us with many attractive physical and chemical properties. Numerous theoretical methods like perturbation theory, Padé approximation, WKB method, Hypervirial theorem, power-series solution, Lie algebra, Lagrange-mesh method, asymptotic iteration method, generalized pseudo-spectral (GPS) method were invoked for their proper treatment. Many interesting aspects such as rearrangement and redistribution of ground and excited energy states, simultaneous and incidental degeneracy, change in hyperfine splitting constant as well as dipole shielding factor, nuclear magnetic screening constant, pressure, variation of static and dynamic polarizability, hyperpolarizability, information entropy, etc., were probed with varying confining radius (r c ). A vast literature exists on the subject; here we refer to a selective set [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Eigenvalues and eigenfunctions of CHA can be solved exactly in terms of Kummer M-function (confluent hypergeometric) [17] .
In past twenty years, information measures were explored extensively for various quantum systems in both free and confinement situations. Some such potentials are: Pöschl-Teller [25] , Rosen-Morse [26] , pseudo-harmonic [27] , squared tangent well [28] , hyperbolic [29] , position-dependent mass Schrödinger equation [30, 31] , infinite circular well [32] , hyperbolic double-well (DW) potential [33] , etc. Recently, entropic measures were successfully engaged to understand trapping and oscillation of a particle within symmetric, asymmetric DW potential [34, 35] , confined quantum harmonic oscillator [36] , CHA [9, 10] , etc.
Information-theoretic measures like Rényi entropy (R), Tsallis entropy (T ), Shannon entropy (S) and Onicescu energy (E), in atomic systems may provide detailed knowledge about diffusion of atomic orbitals, spread of electron density, periodic properties, correlation energy and so forth [37] [38] [39] [40] . R, T , called information generating functionals, are directly connected to entropic moments and completely quantify density. Former has been effectively employed to illustrate quantum entanglement, chemical reactivity, de-coherence and localization properties of Rydberg states of atoms [41] [42] [43] [44] [45] [46] [47] . Similarly, T has been implicated specially for non-extensive thermo-statistics [48, 49] and gravitation [50, 51] , etc. It is noteworthy that, S, E are two special cases of R, T . Former measures extent of concentration of the system wave function in respective space, whereas latter symbolizes expectation values of density. S has its application in illuminating colin conjecture, atomic avoided crossing, orbital free density functional theory [52] [53] [54] [55] [56] in many-electron systems, etc. Likewise, E has been widely used to estimate correlation energy and first ionisation potential [40] .
In past few years appreciable attention has been paid to explore S in both r and p space for CHA under soft and hard confinement [9] . Very recently, S in conjugate space has been examined (for low-lying s, p, d orbitals) with the help of variation principle employing Slater type orbitals [10] . However, rest of the information measures like R, T, E have been attempted very rarely, with the exception of some first few s-states of CHA [1] . Hence, our primary motivation is to undertake a detailed analysis of R, T, S, E in a CHA-like system in a systematic fashion for an arbitrary state characterized by principal and azimuthal quantum numbers n, l, in both spaces, with special emphasis on l = 0. Illustrative calculations are performed with exact analytical wave functions in r-space; whereas in p space, numerical wave functions are generated by executing Fourier transform on the eigenfunction of respective r-space orbitals. To put things in proper perspective, in this communication, 2p, 3d, 4f, 5g and 10s-10m states have been chosen as representatives. By considering all the acceptable l's corresponding to a given n, one can follow the changes in behavior of l states as the environment switches from free to confinement. Such a comparative study of these information measures are done with respect to their free Hydrogen atom (FHA) counterpart. We also inspect the nature of R, T, S, E for hydrogenic isoelectronic series (by varying atomic number Z) inside the spherical impenetrable cavity, using the scaling properties [57] satisfied by such a system. This time we restrict ourselves to ground state only; for extension to other states is straightforward. To this end, all measures in a CHA-like atoms are obtained in both r, p and composite spaces. Note that such studies in a CHA are very rare and as already implied, most of the present results are offered here for the first time. Throughout the article, comparison with existing literature results are made wherever possible. Organization of this article is as follows. Section II gives a brief account of the theoretical method used; Sec. III presents a detailed discussion on the results of R, T, S, E of CHA and H-isoelectronic series, while we conclude with a few remarks in Sec. IV.
II. THEORETICAL METHOD
The time-independent, non-relativistic radial Schrödinger equation under the influence of confinement, without loss of generality, for a central potential, may be written as,
where v(r) = − Z r (Z implies atomic number). Our desired effect of radial confinement inside an impenetrable hard cavity can be modeled by invoking the following form of potential:
v c (r) = +∞ for r > r c and 0 for r ≤ r c , where r c corresponds to radius of the cage. It is worthwhile mentioning that, atomic units are employed through out the calculations and r, p subscripts denote quantities in full r and p spaces (including the angular part) respectively.
On solving Eq. (1) one can obtain following exact form for eigenfunctions in CHA [17] ,
Here, N n,l represents the normalization constant, E n,l prevails to energy of a given n, l state
refers to confluent hypergeometric function. Allowed energies at a given r c can be retrieved by applying the Dirichlet boundary condition that ψ n,ℓ (0) = ψ n,ℓ (r c ) = 0 and finding the zeros of 1 F 1 , such that,
For a particular l, first root signifies energy of the lowest state having (n lowest = l+1), and consecutive roots imply excited states. Note that, for construction of exact wave function of CHA for a specific state, one needs to provide the energy eigenvalue of that state. In our present calculation, E n,l of CHA are computed by invoking the GPS [23] method. This is applied, because in this pursuit, we are interested in the information measures in CHA, for which GPS energies have been found to be sufficiently accurate to provide correct eigenvalues and eigenfunctions. Over the years, this has been tested in a varied case of important model and realistic potentials, including both free and confinement situations [23, [58] [59] [60] . Also, it is obvious from Eq. (2) that, E n,l depends on the product Zr c . Hence in spite of changes in Z and r c separately, if their product remains constant, then E n,l will not be affected.
The angular part has following common form in both r and p spaces (P m l (cos θ) signifies usual associated Legendre polynomial),
The p-space wave function (p = {p, Ω}) for a particle in a central potential is obtained from respective Fourier transform of its r-space counterpart, and as such, is given below,
Note that, here ψ(p) n,l needs to be normalized. Integrating over θ and φ variables, Eq. (5) may be further rewritten as given below,
Depending on l, f (r, p) can be expressed in following simplified form (m ′ starts with 0),
b j sin pr p j rerst c ha 6 .tex j−1 , for odd l. The coefficients a k , b j of even-l and odd-l states are calculated using Eq. (5).
Let ρ(r) and Π(p) denote normalized position and momentum electron densities for CHA.
Then, position, momentum shannon entropies (S r , S p ) and their sum (S t ) for H-like atoms are defined in terms of expectation values of logarithmic probability density functions and Z, which for a central potential further simplify to,
The above equation clearly suggests that, at a fixed r c , both S r (Z) and S p (Z) are linear functions of logarithm of Z with slope −3 and 3 respectively. Moreover, S r (Z = 1), S p (Z = 1) act as intercepts in r-and p-space equations. The last equation implies that addition of S r (Z) and S p (Z) produces same result as one obtains from the corresponding sum for Z = 1. Hence S t will remain unaltered with change in Z. Actually it has been established [57] that it solely depends on Zr c product as evident from Eq. Similarly, Rényi entropies of order λ( = 1) are obtained by taking logarithm of λ-order entropic moment. In spherical polar coordinate, they are expressed as,
where ω λ τ 's are entropic moments in τ (r or p or θ, φ) space with order λ, having forms,
Here if λ corresponds to α, β in r, p spaces respectively, then they are related as
In that case, one can define Rényi entropy sum as,
Equation (9) suggests that, at a particular r c , like S r (Z), S p (Z), both R λ r (Z) and R λ p (Z) also linearly depend on ln Z (slope −3, 3 respectively) with intercepts R λ r (Z = 1) and R λ p (Z = 1) respectively. Further, as with S t , R (α,β) also remains unimpacted with change of Z.
In a similar fashion, Tsallis entropies [61] in r, p space and their product can be written down as below,
One sees that, T α r (Z) reduces and T β p (Z) enhances with rise of Z. Note that α = β = 2 leads to Onicescu energy E, which in r and p spaces are given as,
Here, E t represents onicescu energy product. Dependence of E r (Z) and E p (Z) on Z is seen to be opposite to that of the previous three measures discussed above. Thus E r (Z) grows up and E p (Z) falls off with rise of Z. But, as usual, E t (Z) remains unchanged as Z modifies.
III. RESULT AND DISCUSSION
At the outset, it is appropriate to mention a few things regarding the presentation.
Here, our focus is to uncover the impact of an impenetrable spherical cage on non-zero l states of CHA by using information-theoretic measures. The net information measures in conjugate r and p space of CHA may be segmented into two separate contributions, viz., (i) a radial and (ii) an angular part. In CHA, the radial barrier changes from infinity to a finite region without affecting angular boundary conditions. So angular portion remains invariant in r and p spaces; moreover they will also not change with respect to boundary condition in r c in a CHA. However, they will be affected by l, m quantum numbers. In current calculation, we have kept magnetic quantum number m fixed at 0, unless stated otherwise. It is clear from Eq. (2) that, in r space, radial wave functions are available in closed analytical form. In p space, numerical wave functions are achieved by employing Fourier transform on respective r-space eigenfunctions. All our results provided in tables and figures are computed numerically. It is expected that, a gradual increase in r c should lead to a delocalization in the system in such a fashion that, when r c → ∞, it should unfold to FHA. On the contrary, when r c → 0, impression of confinement is maximum. Thus, it is convenient to explore our analysis by choosing some specific r c values in the range of 0.1 to 100. This parametric rise in r c reveals evolution of system from maximum confinement to a free system. It may be remarked that, a detailed systematic analysis of these measures in low-lying s states, along the lines of current work, has been initiated by present authors and will be published elsewhere [1] .
Our presentation strategy is as follows. Initially, 2p, 3d, 4f, 5g states are selected for analysis of various information measures; they all individually represent the lowest (nodeless) state of respective l. This will help us follow changes in R, S, T, E with respect to alterations in l. Additionally we also explore all the l states corresponding to a given n (here chosen 10) to understand the outcome as the count of radial nodes vary. Actually, for a given l, an increase in n enhances spreading as well as number of radial nodes, whereas an increment in l within in a given n reduces radial node.
To begin with, Table I displays our 
for 2p, 3d states of CHA at a selected set of r c ; which differ from state to state. Similarly, Table S1 in supplementary material (SM) portrays all the above quantities as a function of r c for 4f, 5g states. In this and all following tables related to these four states, information quantities are provided at same set including ten r c 's. In all occasions, R α r 's progress continuously with r c and finally converge to respective FHA behavior after some larger finite r c . Interestingly, for all states, R α r remain negative up to r c = 0.5, changing sign after that. In contrast, R β p 's, tend to diminish with rise of r c ; eventually they also merge to FHA (negative for all) in the end. As a combination of these two effects, R (α,β) 's steadily grow with progress of r c and as usual they coalesce to respective borderline values finally. It is worth mentioning that, at small r c , Rényi entropies in r, p space obey same order:
. But, at r c → ∞ limit, ordering in p space completely reverses, while the r-space ordering is retained. The distribution pattern in r space is observed presumably because, an increase in both n, l leads to more delocalization of CHA. Next Table II relevant to recall the following facts about these two relative quantities. For any given n, l R α r enhances and R β p declines with rise of r c , whereas for a FHA, they assume maximum and minimum values. Further, this minimum in the latter has negative sign. Such a division by their respective free counterpart makes these quantities unit-less and keeps upper bound to unity. This facilitates to observe a similar trend for two conjugate measures as r c varies.
Simultaneous escalation of both the ratios with increment of r c suggests delocalization in the system. Further, unlike Table II , there is hardly any crossover among these R ′ r and R ′ p of 10l states (there were crossovers in R α r in Table II ). More importantly, throughout the entire range of r c , two ratios reduce with growth in l. This apparently indicates that states with greater number of nodes, experience the effects of confinement to a larger extent. Finally, in the limit of r c → ∞ these quantities for all l states correspond to unity, as expected. and 4f, 5g states of CHA successively at the same r c 's of Table I and S1. These are carefully selected so as to cover small, moderate and large cavity radius. Once again, there exists no reference work for comparison. In all these four states, starting from some (−)ve value, T α r 's advance monotonically with r c and finally reach the respective FHA behavior after some larger finite r c . Like R α r of Table I and S1, T α r is also negative up to r c ≤ 0.5. On the contrary, similar to R β p of Table I and S1, as r c progresses, T β p 's gradually decline from an initial result of ≈ 1 2 , to large negative values (passing through a zero) at the end to merge with FHA result. Consequently, T (α,β) 's in these circular states grow (starting from a small negative) with advancement of r c and then attain a positive maximum and finally fall off to particular FHA value (large negative). As observed for R, T 's in both r, p spaces follow the same order, viz., For r c = 10, 40 these minima are found at l = 2, whereas for r c = 40 and 100 these minima Let us now shift our focus on Table V and S3 in SM, where S r , S p and S t of CHA are probed for four low-lying circular states corresponding to l = 1 − 4. The same set of r c of Table I and S1 is with growth of r c before reaching the FHA-limit at large r c . On the contrary S p , like R β p , shows a reverse nature of S r . S p for l = 1 − 4 (n = l + 1) states, starting from (+)ve numerical values, decline as r c develops before merging with FHA limit. Consequently, S t , falls to reach a minimum and then elevates to attain FHA value. Furthermore, S r imprints different pattern to R α r but S p delineates similar leaning to R β p in smaller r c . The observed trend in r, p spaces is slightly unusual: S r (4f ) > S r (5g) > S r (3d) > S r (2p) and
As a next step, Table VI supplies S r , S p for ten l states corresponding to n = 10 at same selected r c set discussed before. S r remains (−)ve for all l at first two r c 's. Interestingly, at r c = 1, S r is (−)ve only for l = 1, 2. In rest of the situation, S r takes on (+)ve values. S r , in all r c 's at first diminish with l, attain some minima and then gains. S r reaches minimum at l = 1 for first four r c values. At r c = 40 this mimimum shifts to l = 2, whereas for r c = 80
and 100 these minima arive at l = 3. But in p space, S p imitates R are displayed for all l states having n = 10. Drawing reference to Table VI , one notices that, for any given n, l quantum number, S r rises and S p falls continuously as r c proceeds to reach their corresponding maximum and minimum limits at r c → ∞. Further, this limiting value in S p relates to (−)ve sign (not obvious from Table VI ; but further extension of r c assures that). Thus both these ratios are bounded to their maximum values to unity. Hence, they both exhibit similar trend in behavior, i.e., grow up with r c signifying delocalization of the system. In the entire range of Next we move on to discuss the last measure in this work, namely, E for same four nonzero l states as considered for R, T, S, in Table VII and S4 in SM. Once again no literature results could be found to compare. Generally speaking, behavior of E is usually reverse to those of R, T, S in Tables I, III , V and S1-S3. Thus for all four states, E r 's diminish, while E p advance with surge of r c . As r c approaches zero, E r obeys the trend E r (5g) > E r (4f ) > E r (3d) > E r (2p) which gets reversed to E r (2p) > E r (3d) > E r (4f ) > E r (5g) in opposite r c limit. Contrariwise, E p shows exactly opposite trend from its r-space counterpart at both small and large r c regions. Finally, Table VIII previous discussion on R, T, S that, relaxation in confinement facilitates delocalization.
Lastly in order to understand these measures with charge, Fig. 5 displays behavioral patterns of R, S, E in conjugate r, p spaces. In this occasion, we limit the discussion to ground state only, as it can be trivially extended for other states. These are followed at seven particular Z, viz. 
IV. FUTURE AND OUTLOOK
Information-theoretic measures like R, T, S, E are explored for l = 0 states of CHA in both r, p spaces. Accurate results for combined measures (radial plus angular) are provided for 2p, 3d, 4f, 5g and n = 10 states of CHA, keeping m fixed at zero. Except for very recent publication of S r , S p in 2p, 3d states, all these quantities are reported for first time. It is found that at small r c , with growth of n, R 
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